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IGCSE - Cambridge (CIE) - Further Maths G 1hour @ 18 questions

Exam Questions

Equations, Inequalities &
Graphs

Modulus Functions / Graphs of Cubic Polynomials

Medium (7 questions) /30
Hard (6 questions) /24
Very Hard (5 questions) /22
Total Marks /76
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Medium Questions

1 Solve the equation 5[5x —2| -1 = 14.

Answer

First isolate the modulus

55x-2|=15
|5x—=2]|=3

To obtain the first solution, assume the contents of the modulus brackets are positive
and solve

5x—2=3
5x=15

x=111]

To obtain the second solution, assume the contents of the modulus brackets are

negative
5x—2=-3 (or —5x+2=3)
(1]
And solve
5x=—-1
__1
xX= 5[]
(3 marks)
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The diagram shows the graph of y = f(x) , where f(x) = 2(x + 1)2(x — 1) .
Use the graph to solve the inequality f(X) < -1.
Answer
Find the critical values (the solutions of f(x) = — 1) by drawing y= —1 on the diagram
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and reading the x values where it intersects y = f(X)
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x=-1.45, x=-04, x=0.85
for the first and last value above, answers from -1.4 to 1.5 and from 0.8 to 0.9 are allowed [1]

Use these values to write as inequalities the regions of the diagram where the curve is
below y=—1
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x<1.45 and -0.4<x<0.85[2]

one mark for each correct inequality

Take care to use "or equals to" inequalities, corresponding to the condition f(x) <-1
(3 marks)

3(a) On the axes, sketch the graph of y = 5(x+1)(3x=2)(x—-2), stating the intercepts with
the coordinate axes.

Answer

If we expand the brackets of the equation, the highest power of x we would get would
be x3. Therefore, the graph is cubic.

Solve 5(x+ 1)(3x—2)(x—2) =0 to find where the the curve will cross the x axis.

Substitute x=0 into y = 5(x+1)(3x—=2)(x —2) to find where the curve will cross the
Yy axis.

y=5(1)(=2)(-2)

y=20
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Draw a cubic curve on the given axes. Label where the curve crosses the xand yaxes.

Y
20
i 0 2 2 *x
Correct shape [1]
Correctrootsatx=—1, x=2, x=—[1]

3

Correct y-intercet at y =20 [1]
(3 marks)

(b) Hence find the values of x for which 5(x + 1)(3x=2)(x—=2) >0.

Answer

y >0 above the x axis.

Look at the graph from part (a) to identify the x values where the curve is above the x
axis.

1< <E
X 3[1]

x>2[1)
(2 marks)
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4 (a) On the axes below sketch the graph of y = — 3(x=2)(x—-4)(x+1), showing the
coordinates of the points where the curve intersects the coordinate axes.

A
@,
Answer
Notice that the graph will be a negative cubic since =3 X x X x X x = —3x3.

Find where the graph will cross the x-axis. This is true when y=0.
0=-3(x-2)(x—-4)(x+1)
Either x—2=0,x—4=0o0orx+1=0

Sox=2,x=4orx=-—-1
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Find where the graph will cross the y-axis. This is true when x=0.
Substitute x =0 into the equation giving:
y=-3(0-2)(0-4)(0+1)
y=—-24
Plot the intercepts onto the graph which will be:

(2,0), (4,0), (-1, 0) and (0, — 24)

;
A

—1,0)\ O 2,0 ,0) x
(0,—24)

correct shape [1]
correct X-intercepts [1]
correct y-intercept [1)
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(3 marks)

(b) Hence find the values of x for which =3(x—=2)(x —4)(x +1) > 0.

Answer

We want to find where the graph is greater than 0 (but NOT equal to 0). In other words,
where the graph is strictly above the x-axis.

The graph is above the x-axis in 2 sections:
When x < —1 or when 2<x<4
x<—-lor2<x<4

1 mark for each statement [1]
(2 marks)
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5(a) On the axes below, sketch the graph of y = |5X -7 | showing the coordinates of the
points where the graph meets the coordinate axes.

Answer
The line y=35x—7 would have y-intercept (0, —7) and would intersect the x-axis at

(Z,0)

\S )
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Sketch this on the axes

0,=7)

We need to sketch y=|5x — 7| which means that all the y values are made positive.
This means the part of the graph that goes below the x-axis gets reflected in the x-

MAZED SIR 01313865370

1



axis:
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The final graph should look like this
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X

correct V shape with vertex on positive x-axis [1]

correct coordinate (0, 7) [1]

correct coordinate (Z, 0\ [1]
\5 )
(3 marks)

(b) Solve5|5x—=7| —1 = 14,

Answer

Add 1 to both sides and then divide by 5
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515x—7|—1=14
515x—7|=15
|5x=7|=3

Use part (a) to see where the graph of y= |5x— 7| and the line y =3 intersect

A
(0,7)

\ .

0 e

There are 2 intersections so the original equation will have 2 solutions

Use the equation of the positive straight line and solve

5x—7=3

MAZED SIR 01313865370
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(1]
Use the equation of the negative straight line and solve
-5x+7=3
X=—=
5
[1]

gt
X=20r x= 3 [1]

(3 marks)
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6 (a) On the axes below, sketch the graph of y = — (x+2)(x-1)(x-6), showing the
coordinates of the points where the graph meets the coordinate axes.

Answer

Find where the graph intersects the xaxis by substituting in y =0

0=-(x+2)(x-1)(x-6)

Find the y intercept by substituting in x=0
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y=-@)(-1)(-6)
y=—-12
The shape of the graph will be an inverted cubic.

Draw on the given axes, labeling where the curve crosses the axes.

('Zr 0) ) (11 0) (61 0) o

(0,-12)

correct shape [1]

correct coordinates (=2, 0), (1, 0), (6, 0) and (0, — 12) [1]
(2 marks)
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(b) Hence solve —(x+2)(x—1)(x—6) < 0.

Answer

vy <0 on and below the x axis.

Look at the graph from part (a) to identify the range of x values for which the curve is
on or below the x axis.

—-2<x<111]
x26[1]
(2 marks)
7 Solve the following equation.
2|x—-1]|<[2-x]
Answer
Method 1
Square both sides
4(x-1)2<(2-x)?
[M1]
Expand and collect terms on one side
4(x2-2x+1)<4—4x+x2
4x2—-8x+4<4-4x+x2
3x2—4x<0
[A1]

Solve the quadratic inequality, e..g by factorising to find the critical points

x(3x—-4)<0
critical points are x=0 and x =

3
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[A1]

The curve y=x(3x—4) is a positive quadratic (so goes below the x-axis between

=0 and x=—
X and x 3)
0<x< 4
X< —
-3
[A1]
Method 2
Sketch y=2|x— 1| (graph 1) and y = |2 — x| (graph 2) on the same axes
Y
y=2|x—-1|
y=12-x|
2
x
1 2
[B1 B1]

Mark Scheme and Guidance

B1: For at least sketching one graph correctly (numerical values not needed).

B1: For sketching both graphs correctly, intersecting each other on the positive y-
axis (numerical values not needed).

MAZED SIR 01313865370 19


https://www.savemyexams.com/?utm_source=pdf

Find where the line y=2|x— 1| is always below the line y=|2 — x|

y=2|x—1|

Find the x-coordinates of this region (the first x-coordinate must be 0)
The second x-coordinate is the intersection of y=2(x— 1) with y=2—x
2(x-1)=2-x

[M1]

Mark Scheme and Guidance

This mark is for identifying the two correct branches that intersect on the graph and
using them to form an equation.

Solve
20x-1)=2-x
2x—-2=2-x
3x=4
4
=3

Give the x-values for the region above as an inequality
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[A1]
(4 marks)
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Hard Questions

1 Solve the inequality [4x—1] > 9.

Answer

Sketch the two graphs.

YA y = |4x — 1|
\ /
>
) X
To find the values of x when the two graphs are equation form two equtions.
4x—-1=9
-(4x-1)=9
(1]
Solve each equation to find the x values.
4 1=9 >
—_— — = e
X X 5
l-4x=9=>x=-2
(1]
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We want when the modulus function is greater than the constant function. This happens
when the graph of the modulus function is above the graph of the straight line.

5
x< —2o0rx>—[1]

2
(3 marks)
2 On the axes below, sketch the graph of ¥ = |[(x —2)(x + 1)(x +2)| showing the
coordinates of the points where the curve meets the axes.
"
A
0 ’.Pr

Answer

Sketch the graph y = (x=2)(x+1)(x+2) first
This will be a positive cubic graph since x X x X x = x3
Find where the graph crosses the x-axis

When y =0,
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0=(x-2)(x+1)(x+2)
x=2,—-1lor -2
Find where the graph crosses the y-axis
When x=0,
y=0-2)(0+1)(0+2)

y=—4
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Sketch the graph of y= (x=2)(x+1)(x+2)

Y

The modulus graph y = |(X—2)(x+ 1)(x+2)| will be similar to the graph above, but
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any parts below the x-axis will be reflected up above the x-axis

LY

correct shape [1]

correct x-coordinates [1]

correct y-coordinate and max in first quadrant [1)
(3 marks)
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3(a)

e

The diagram shows the graph of y = f(X), where f(X) is a cubic polynomial. Find f(X).

Answer

The roots of the graph are =5, — 1, and 2

Therefore, we can start with:

y=x+5)(x+1)(x-2)

If | were to expand this, the constant at the end would be:
S5X1x=2=-10

This would also be the y intercept of the graph.

Since we want a y intercept of 5, and an inverted cubic shape, we need to multiply our

1

equation by ——

2

y= =5 (x+5)(x+ 1)(x-2)

MAZED SIR 01313865370
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for negative [1]
1
for > [1]

correct factors (x+5)(x+1)(x=-2) 1]

(3 marks)
(b) Write down the values of x such that f(x) <0.

Answer

f(X) <0 when the graph under the xaxis.

Examine the graph to decide between which values of x the graph is negative.
x>2[1]

-5<x<-11[1

(2 marks)
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4 (a) On the axes below, sketch the graph of y = (X - 2)(X + 1)(3 - X), stating the intercepts
on the coordinate axes.

H“

Answer

If we expand the brackets of the equation, the highest power of x we would get would
be x3. Therefore, the graph is cubic. Since one of the x in the brackets is negative, we
will have an inverted cubic shape.

Solve (x—=2)(x+1)(3 — x) =0 to find where the the curve will cross the x axis.

Substitute x=0 into y = (x—=2)(x+1)(3 - x) to find where the curve will cross the y
axis.

y=(=2)(1)(3)

y=-6
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Draw a cubic curve on the given axes. Label where the curve crosses the xand yaxes.

YA
Lo\ o| (20 (3, 0) "x
(01 '6)

correct shape [1]
correct xaxis intercepts [1]

correct yaxis intercept [1]
(3 marks)

(b) Hence write down the values of x such that (x =2)(x+1)(3—x) > 0.

Answer

y >0 is above the x axis.

Look at the graph from part (a) to identify the x values where the curve is above the x
axis.
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2<x<3]1]

x<-11[1)
(2 marks)

5 Solve |3x—2| = 4+x.

Answer

Sketch the lines y=|3x—2| and y =4+ x on the same axes to identify how many
intersections there are.

YA y =[3x —2|
y=4+x

>
/ 0 X

By examining the graph, we can see there is an intersection in the first quadrant. This is
where y=3x—2 and y=4+ X cross.

3x—2=4+x%x
3x—x=4+2
2x=6

x=3
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6 (a)

The other intersection is where the reflection of y=3x—2 in the X axis and the line
y=4+ X cross.

The equation of this reflection is y= —3x + 2.

Therefore,

—-3x+2=4+x

[1]
—3x—x=4-2
—4x=2
x=-0.5
x=311]
x==-0.511]
(1 mark)

The graph y = p(X) where p(X) =5x3—17x2+ 16x + a intersects the x-axis at the points
(b, 0),(1,0) and (¢, 0) where b<c.

Find the constants a, b and c.

Answer

You are told that (1, 0) is an x-intercept so substitute in x=1 and y=0 tofind a

0=5(1)3-17(1)2+16(1) + a
0=5-17+16+a

0=4+a

a=—4

[B1]

Given that x =1 is a solution to p(X) =0, the Factor theorem says that (x— 1) is a
factor
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If p(1)=0 then (x—1) is a factor of p(x) =5x3— 17x2 + 16x — 4

Use polynomial division to divide p(X) by (X— 1) to find the quadratic factor

5x2—-12x+4
(x—1)5x3 - 17x2+ 16x— 4
5x3 —5x2
- 12x%+ 16x
-12x%+ 12x
4x—4
4x—4
0
[M1]
5x2—12x+4
[A1]
This means the cubic has the form
y=k(x—1)(5x2-12x+4)
The x-intercepts are found when y =0
Solve 5x2—12x+4 =0 to find the remaining two X -intercepts
(5x=2)(x—-2)
[M1]

Mark Scheme and Guidance

This mark is for using a correct method to solve your 3-term quadratic factor equal

to zero.

Recall that the question labels them (b, 0), (1, 0) and (c, 0) where b< ¢
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b=~ =2
= 5 and ¢=
[A1]
Present all your answers from above
2
a=—4,b= 5 and c=2
(5 marks)
{2 16\
(b) The curve y=p(X) has a local maximum point at \3, 2—7/ and a local minimum point at
(5, 220)
\5 ’ 25 )

Find the value of d for which the equation |p(X)| = d has exactly 5 distinct solutions.

Answer
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It helps to imagine the cubic y=p(x) with the information given

Then imagine the modulus of this cubic equation, y= |p(x)|

[M1)
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Mark Scheme and Guidance

This mark is for attempting to sketch y = |p(X)| with the peaks in the correct size
order (no numerical values are needed for this mark)

You need to find the horizontal line, y = d, that intersects the graph y = |p(x)| exactly

5 times
16
This only happens with the line y = 2—7
416
- 27
[A1]
(2 marks)
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Very Hard Questions

LY

The diagram shows the graph of y = |f(X)| where f(X) is a cubic function. Find the
possible expressions for f(X) in factorised form.

Answer

The function has roots at X = — 1, x=— and Xx=2, so due to the factor theorem we

2

know that:
f(x)=alx+1)2x-1)(x-2)
(x+1)2x=1)(x=2)"oran equivalent factorisation [1]

The y-intercept of the function is (0, 10) so substitute x=0 and f(x) =10 into the
above, and solve to find a.

10=a(0+1)(2(0)-1)(0-2)
10=a(1)(=1)(-2)
10=2a

a=>5
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(1]

Remember that the graph is of the modulus of f(X) so a could be positive or negative 5

f(x)=+5(x+1)2x-1)(x-2) [1]
(3 marks)

2(a) The diagram shows the graph of a cubic curve .

»‘r

Find an expression for f(X).

Answer

The graph crosses the x axis at the roots of the equation, and this will help us to
identify the factors:

x=-2,x=-1,x=5
f(x) = alx + 2)(x + 1)(x = 5)
correct factors [1]
This would give us a y-intercept of —10, but the graph shows us that the y-intercept is

5, so we need to adjust our expression with a reflection in the x axis and a vertical

1

stretch of ——

2

MAZED SIR 01313865370 38


https://www.savemyexams.com/?utm_source=pdf

() = =5 (x + D0x + x - 9

1
f(x) = _E(X +2)(x + 1)(x = 5) 1]
(2 marks)
(b) Solve f(x) < 0.

Answer

We are looking for the parts of the graph that are below the x-axis. This happens when:
-2<x< -1
and
X235
-2<x<-1,x25

1 mark for each statement [2]
(2 marks)
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3(a) Write 2x2 +3x—4 in the form a(x + b)2 + ¢, where a, b and ¢ are constants.

Answer

Factorise the first two terms to make the coefficient of x2 equal 1 inside the brackets.

3
2[X2+ —x|—4

2

(1]

Complete the square for the expression in the brackets. To complete the square,

x’+bx+c= (X+§)2_(§)2+C

(1]

Simplify.

8
(3 marks)

2 +32 ﬂ
x+5 [1]

(b) Hence write down the coordinates of the stationary point on the curve y = 2x% +3x—4.

Answer

The minimum point on the curve y = (X+ 3)2 +bis (—a, b).
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Fory=(

)

1 mark for each coordinate [2]
(2 marks)

(c) On the axes below, sketch the graph of y = |2x2 +3x — 4/, showing the exact values of
the intercepts of the curve with the coordinate axes.

Y

Answer

3 41
Solve y = 2( Z) ? when y =0 to find the xintercepts.
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") w0
3\ 41
2(X+Z)=?
PEA L
" 4) 16
R
4~ 7\ 16
+/41 3
T4 T
-3+./41
Ty

Solve y=[2x2+3x —4| when x=0 to find the yintercept.

y=12(0)2+3(0) - 4|
y=|-4|
y=4
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y=2x2+3x—4 is a parabola. Since we are taking the modulus, everything below the x
axis will be reflected above the x axis.

YA

(0,4)

(—3—\/H’0> 0 (—3+x/ﬁ,0> o

correct shape [1]

-3+./41
correct xintercepts ————— [1]

4

correct yintercept of 4 [1)
(3 marks)

(d) Find the value of k for which |2x2 +3x— 4| = k has exactly 3 values of x.

Answer

Using the graph from part ¢, identify where we would need to draw the horizontal line
y =k to achieve three intersections with the curve.

Three intersections are achieved at the reflection of the minimum point found in part b,

41

when the line is y= Ky
A
3 (1]
(1 mark)
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}1

24

The diagram shows the graph of y = |p(X)| , Where p(X) is a cubic function. Find the two
possible expressions for p(X).

Answer

The graph crosses the x-axis at the roots of the equation, and this will help us to
identify the factors:

x=-2,x=-1l.x=4
This means that the brackets must be
flx) =(x+2)x+ 1Dx -4
correct brackets [1]
If we expand the brackets, we get
f(x) = x3 - x2-10x — 8

We can see from the graph that it has a y-intercept of 24, therefore, we need to multiply
the whole function by 3 to give the positive cubic graph.
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for multiplying by 3 [1]

The graph of y = |p(X)| means means anything below the x-axis gets reflected above
the x-axis.

We could also multiply the function by -3 to give the negative cubic graph.

S|

As before, the graph of y = |p(X)| means anything below the x-axis gets reflected
above the x-axis.

Therefore, the final expression for the function would be
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p(x) = £3(x + 2)(x + 1)(x - 4) 1]
(3 marks)

5 Solve the inequality [3x+2| > 8+ x.

Answer

The two possible options for the modulus function is a positive and a negative.
Solving the positive bracket
3x+2>8+x
Collecting like terms
2x > 6
x>3
Solving the negative bracket
-Bx+2)>8+x
Multiplying out the bracket
-3x—-2>8+x
[1]
Collecting like terms

—-10 > 4x

<2
x< -5

x > 3[1)
(3 marks)
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