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Medium Questions

1(a)

(b)

The 7th and 10th terms of an arithmetic progression are 158 and 149 respectively.

Find the common difference and the first term of the progression.

Answer

Using u = a+t (H - l)d write equations for the 7th and 10th terms of the arithmetic

progression.

at+6d=158
a+9d=149
(1]
Solve the equations simultaneously.
at9d=149
- at6d=158
3d= -9
d= —311]
Substitute into one of the original equations.
a+(6)(-3)=158
a=176 [1]
(3 marks)

Find the least number of terms of the progression for their sum to be negative.

Answer

Substitute the values found in part a into the formula to sum an arithmetic series.

MAZED SIR 01313865370 2


https://www.savemyexams.com/?utm_source=pdf

s = §[2(176) +(n=1)(=3)]
s = %[352—3n+3]
s = %[355—311]

(1]

The sum of the progression needs to be negative.
n
—[355 - 311] <0
2
Solve - be careful, it's a quadratic inequality, so use a calculator or sketch the graph.

n<0and n>118.333...

[1]
The value of n cannot be negative, so n>118.333... n has to be an integer

n=119 [1]
(3 marks)
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2(a) The sum of the first 4 terms of an arithmetic progression is 38 and the sum of the next 4
terms is 86. Find the first term and the common difference.

Answer

n
The sum of an arithmetic progression is SH = 5[23+ (n— l)d]. Write an expression

for the sum of the first four terms.
3 4
S, = 5[2a+(4— 1)d]

(1]

2[2a+3d]=38
2a+3d=19

(1]

Similarly, write an expression for the sum of the first eight terms.
3 8
Sg=5 [2a+(8-1)d]
S, =4[2a+7d]

We are told that the first four terms sum to 38, and the next four sum to 86. Therefore,
the sum of the first 8 terms is the sum of 38 and 86.

4[2a+7d]=38+86
(1]
Expand and simplify.
2a+7d=31

Solve the equations simultaneously.
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2a+7d=31

- 2a+3d=19
4d=12
d=3

(1]

Substitute d =3 into one of the original equations and solve for a.

2a+7(3)=31
2a=31-21
a=>5

a=5and d=31[1)
(5 marks)

(b) The third term of a geometric progression is 12 and the sixth term is -96. Find the sum of the
first 10 terms of this progression.

Answer

Using the nth term formula for a geometric progression, u = ar" !, the second term is

arr=12
(1]
The sixth term is
ar’=—96

(1]
Solve the equations simultaneously - rearrange the first and substitute into the second.

12
a= B

12
7(1‘5) =-96

Solve for r.

MAZED SIR 01313865370 5


https://www.savemyexams.com/?utm_source=pdf

[1]
Substitute into either of the original equations to find a.

a(-2)2=12

a=3
[1]

a(l—rm)

The sum of a geometric progression is SH = 1=

_301-(=2)19
- 1-(=2)

(1]

Slo= = 1023 [1]

(6 marks)
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Hard Questions

1(a) In an arithmetic progression, the Sth term is equal to 5 of the 16th term. The sum of the 5

3
th term and the 16th term is equal to 33.

Find the sum of the first 10 terms of this progression.

Answer

Using the general equation for the nth term, u = a-+ (n - l)d where a is the first term

and d is the common difference, we will form two simultaneous equations in a and d.
We can write the 5th term as

u5=a+(5— 1)d
u5=a+4d
and the 16th term as

u16=a+(16—1)d

u, =at 15d
1
The question states "the 5th term is equal to E of the 16th term" so

|
at+4d= §(3+ 15d)

(1]
Simplify.

1
a+4d=§a+5d

2 e d
347

Use the information that "the sum of the 5th term and the 16th term is equal to 33".
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(a+4d)+(a+15d) =33

(1]
Simplify.
2a+19d=33
Substitute d= ga into this equation.
2
2a+ 19(—a\=33
\3 )
Solve for a.
44 =13
347
_»
7 4
Simplify.
_2
7%
[1]
Substitute a= 4 into 3 a=d.
2 9 d
— X — =
3 4
d= 18
12
Simplify.
2
)
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(1]

We haven't finished! The question asks for the sum of the first 10 terms.

n
Use the formula SH = 3(2a+ (n—1)d).

(1]

Evaluate.
18 27
%10 5(7 7)
S10 =5X%x18
S1o =90 [1]
(6 marks)

(b) In a geometric progression, the sum of the first two terms is equal to 16. The sum to infinity
is equal to 25.

Find the possible values of the first term.

Answer

If ais the first term and r is the common difference then the sum of the first two terms
being 16 can be expressed as

at+ar=16

(1]

a
Using Soo= m, the sum to infinity is 25.

25
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(1]

We can isolate a in both the above equations. Starting with a+ ar= 16, factorise the left
hand side.

a(l+r)=16
Divide by 1 + r.
_ 16
=15 r

Turning our attention to

a
- =25, multiply by the denominator.

a=25(1-r)
Now equate both the above.
16
T+r =25(1-1r)

Multiply by 1+ r.
16=25(1-r)(1+1)

(1]

Solve.

16
2—5—(1—r)(1+r)
16
=1 =2

35 l1—r

9

D=
©=7s

_ .3
==73

(1]
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16

Now find the possible values of a by substituting both versions of r into a= —.

1+r
—i = 1o —16'§—16X£—2x5
A T R e
1+ —
5
a=10 [1]
= i = 1o =16+—=16X—=8X5
r= 5,3—1 i_ e =
5
a=40[1]
(6 marks)
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2(a) The sum of the first two terms of a geometric progression is 10 and the third termis 9.
(i) Find the possible values of the common ratio and the first term.
(5]
(i) Find the sum to infinity of the convergent progression.
(1]

Answer

i) The first term is a and the second term is ar. The sum of the first 2 terms is 10.
atar=10
(1]

The third term is ar?. The third term is equal to 9.

arr=9
(1]
Rearrange to make a the subject.
9
=
Solve the equations simultaneously.
e
= + ?/ r=10
Multiply through by r2.
9+9r=10r2
Rearrange.
10r2=9r-9=0

Solve the quadratic equation.
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(1]

Substitute r in one of the original equations to find a at each point.

) 4 4 25
a: — a: —
EA N A
\2) \ 5/
5 3 d 25,41
r=-——_, ~and a=2),
5' [1]
a
ii) Use the sum to infinity formula for a geometric series, Soo = ﬁ (|r| < 1) with
r= - g and a= 25 because this is the only case where the modulus of ris less than 1.
S 25 125
A
\ 5)
125 .
3 [1]
(6 marks)
(b) Inan arithmetic progression, u, = — 10 and u, = 14. Find
U 00 + U0 + U oo +...+ Uyio the sum of the 100th to the 200th terms of the progression.
Answer

This is an arithmetic progression.
Work out the common difference.

14—-(-10
2

(1]
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The sum of the 100th to 200th terms will be equal to the sum of the first 200 terms
subtract the sum of the first 99 terms.

S 100~ Soo = %(200)(2a+ (n—1)d) - %(99)(2& +(n—1)d)

8100~ So0 = %(zoo)(z(— 10) + (200-1)8) — %(99)(2(— 10)+(99-1)8)

200
[2]
S 00~ S = (100X 1572) - (49.5 x 764)
S0~ Soo = 119382
119382 [1]
(4 marks)
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3(a) An arithmetic progression has a second term of -14 and a sum to 21 terms of 84. Find the
first term and the 21st term of this progression.

Answer

Using the formula a + (11 - l)d the second term is

atd=—-14

(1]

n
Using the formula for the sum of an arithmetic progression SH = 3(2& + (n—1)d) we

have
84 = 2—21(2a + 20d)
Simplify.
8 =2a+ 20d
4 =a+ 10d

(1]
Solve the equations simultaneously. (Subtract first equation from the second.)
9d = 18
d=2
[1]

Substitute into either of the original equations.
a+2=-14
a= —16

(1]

We can now find the 21st term.
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u21=—16+20X2

24 1)
(5 marks)

(b) A geometric progression has a second term of 27p2 and a fifth term of p> . The common
ratio, r, is such thatQ < r < 1.

(i) Find rin terms of p.

(2]
(if) Hence find, in terms of p, the sum to infinity of the progression.

[3]
(iii) Given that the sum to infinity is 81, find the value of p.

[21
Answer
i) Using the formula a = ar"~! the second term is

ar = 27p?

The fifth term is

both equations [1]

art _ p’
ar  27p>
Simplify.
3
= L
27
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Take the cube root of both sides.

r= %[1]
ii) Substitute the previous answer into the first equation to find a.
a X % =27p?
[1]
a=8lp
(1]
Use the formula for the sum to infinity when |r| <1, S = —
-3
Multiply the numerator and denominator by 3.
243
3-p (1]
iii) Set the previous answer equal to 81.
243
= E
(1]
Multiply both sides by 3 — p .
813 — p)= 243

Expand the brackets.

243 - 81p = 243p

MAZED SIR 01313865370 17
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Collect like terms.

243 = 324p

R
p= 4[ ]
(7 marks)
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4 (a) The first 5 terms of a sequence are given below.
4 -2 1 -05 025
(i) Find the 20th term of the sequence.
[2]
(i) Explain why the sum to infinity exists for this sequence and find the value of this sum.

(2]

Answer
1
i) To get from term to term, divide by —2 which is the same as multiplying by _E' So
this is a geometric series with
4 1
a=4, r=——
2
Use the formula u = ar” ~1 with n=20 to work out the 20th term.
( 1 \20 -1
u, =4X|-—
20 \ 2)
[1]
1
U, == axrma~ (1
20~ " 131072

ii) The sum to infinity exists if the modulus of the common ratio is less than 1, i.e.
|| <1

A=|-3|-5 <

|r] <1 so the sum to infinity does exist [1]

a

Use the sum to infinity formula, S = )
© l-r

MAZED SIR 01313865370 19
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\ 2)
S —E 1
=73 Il
(4 marks)

(b) The tenth term of an arithmetic progression is 15 times the second term. The sum of the
first 6 terms of the progression is 87.

(i) Find the common difference of the progression.

(4]
(ii) For this progression, the nth term is 6990. Find the value of n.

(3]
Answer
i) Use the information in the question to make 2 equations.
For the first equation, use "the tenth term ... is 15 times the second term".

=15X%
u, 15 u,

Use u = a-+ (n - 1)d for the tenth and second terms and set equal to each other.

a+(10-1)d=15x(a+(2-1)d)
a+9d=15(a+d)

(1]

a+9d=15a+15d

14a= —6d
=77
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For the second equation use "the sum of the first 6 terms ... is 87"."

5,= 5 na+(n-1)d

_1 —
S(f5X6Qa+5@—87

3(2a+5d) =87
2a+5d=29

Solve the two equations simultaneously.

3
2(—7d)+5d=29

6
—7d+5d=29

29d—29
—d=

3
i) From (i), d=7 and a= — 7d. Find a.

Use the formula u = a+ (n - l)d to set the nth term equal to 6990.

6990=-3+(n—1)7

(1]

(1]

d=17I1]

(1]

(1]
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6993=Tn-"7
7000="7n

n= 1000 [1]
(7 marks)

MAZED SIR 01313865370 22


https://www.savemyexams.com/?utm_source=pdf

5(a) An arithmetic progression has a first term of 7 and a common difference of 0.4. Find the
least number of terms so that the sum of the progression is greater than 300.

Answer

n
2

Substitute the known values into the equation.

[2a+ (n—1)d].

To sum an arithmetic series, SH =

S = %[2(7) +(n-1)(0.4)]

S = %[14+ (n—-1)(0.4)]

(1]
Expand and simplify.
_n
SH = 3[13.6 + O.4n]
13.6n+0.4n?
S =
n 2
When the sum is greater than 300,
13.6n+ 0.4n?
>300
2
(1]

Rearrange.

13.6n+0.4n%>600
0.4n%2+13.6n—600>0

Use the quadratic formula to find the positive critical value. We don't need the negative
one because we can't have a negative number of terms.
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(b)

_ —(13.6) £4/(13.6)2 - (4)(0.4)(=600)
= 2(0.4)
—(13.6) £/ 1144.96
H:
0.8
n=25.2966 and n= —59.2966

(1]

The term number, n, needs to be a positive integer so reject n= — 59.2966 and round
25.2966 up (since n >25.2966 and the least number of terms is required)

26 terms [1]
(4 marks)

The sum of the first two terms of a geometric progression is 9 and its sum to infinity is 36.
Given that the terms of the progression are positive, find the common ratio.

Answer

The sum of the first two terms of a geometric progression can be written as a + ar.

a+ar=9
(1]
The sum to infinity is 36.
a
;- 36
(1]
Rearrange to make a the subject.
a=36(1-r1)

Substitute into the first equation.
36(1-n)+36(1-1r=9

Expand and simplify.

MAZED SIR 01313865370 24


https://www.savemyexams.com/?utm_source=pdf

36—36r+36r—36r2=9
36—362=9
36(1-2)=9

(1]

Solve to find r. We are told that the terms of the progression are positive, and so
therefore r will be positive and we can ignore any negative solutions.

1-r2=

r’=

N
Il

Bl K=
B w

/3

r=p

(4 marks)
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6 (a) An arithmetic progression has a second term of 8 and a fourth term of 18. Find the least
number of terms for which the sum of this progression is greater than 1560.

Answer

The nth term in an arithmetic progression is u = a-t (11— l)d.

u=a+d=8
u,= a+3d=18
(1]
Solve simultaneously. (Subtract first equation from second.)
2d = 10
d=>5
(1]
Substitute into either of the original equations.
at5=38
a=3
[1]
The sum of an arithmetic progression is SH = 5(23 + (n - 1)d).
S x 3+ (2= 1)x5) > 1560
Simplify.
3(6 +5n = 5) > 1560
(1]
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(b)

Simplify further and multiply by 2.
n(5n + 1) > 3120

Expand the bracket and subtract 1560 from both sides.

5n2 + n— 3120 > 0

(1]

Solve the quadratic - use the formula and/or a calculator.

n>249, n <-25.1
1 needs to be a positive integer so round 24.9 up.

n = 25[1)
(6 marks)

A geometric progression has a sum to infinity of 72. The sum of the first 3 terms of this

333
progressionis —— .

8
(i) Find the value of the common ratio.
(5]
(ii) Hence find the value of the first term.

(1

Answer
a
i) Use the formula for the sum to infinity =
2 72
1-r
Multiply through by the denominator.
a="72(1 -1
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a(l — rm)
Use the formula Sn = T for the rest of the information.

1

a(l - ) 333
1-r 8

(1]
Substitute the expression for a.

72(1 = (1 = B) _ 333

1 —r 8
(1]
Cancel (1 = 1) on the left-hand side.
333
72(1 = B) =——
8
Divide both sides by 72.
37
- 3=
L=r=%
(1]
Rearrange.
27
—_— =43
64 "

(1]

Cube root both sides.

r=—1[1]

ii) Substitute our value of r from part (i) into the sum to infinity equation.
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72

Simplify.

1
Multiply both sides by Z

a= 1811
(6 marks)
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7 (a) A geometric progression has a first term of 3 and a second term of 2.4. For this progression,
find the sum of the first 8 terms.

Answer

This is a geometric progression with first term.
a=3

Work out the common ratio by dividing the second term by the first.

24
=7
r=0.8

(1]

a(l—rm)
Use the sum of a geometric progression formula, SH = T to calculate the sum
of the first 8 terms.
g - 3(1-0.89)
8 1-0.8
[1]
Ss =12.48 [1]
12.5 is accepted
(3 marks)
(b) Find the sum to infinity.
Answer
From part (a) we know that a=3, r=0.8.
a

Substitute these values into the sum to infinity formula, Soo = -7
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15 [1)
(1 mark)

(c) Find the least number of terms for which the sum is greater than 95% of the sum to infinity.

Answer

Calculate 95% of the sum to infinity using the result from part (b).

0.95x15=14.25

a(l—rm)
Set up an inequality using the sum of the first n terms, SH = T
a(l—rm)
—— > 14.25
1-r

Substitute the values a=3, r=0.8 from part (a).

30-08 14.25
1-0.8 ’
(1]
Simplify the denominator.
30087 14.25
0.2 |

Multiply both sides by 0.2.
3(1-0.8)>2.85
Divide both sides by 3.
1-0.82>0.95

Add 0.82 to both sides and subtract 0.95.
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0.05>0.8
[1]
Take logarithms of both sides.

loglo(0.0S) >10g10(0.8n)

Use the law of logarithms, log a™= m log a, to simplify.

loglo(0.0S) >n10g10(0.8)
Divide both sides by 10g10(0.8). This is a negative value so reverse the inequality sign.

log,,(0.05)
log, ,(0.8) ~"

[1]
Calculate.
n>13.425...
n is an integer so write down the smallest integer that is greater than 13.425...

n=14[1]
(4 marks)
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Very Hard Questions

1(a) The 2nd, 8th and 44th terms of an arithmetic progression form the first three terms of a
geometric progression. In the arithmetic progression, the first term is 1 and the common
difference is positive.

(i) Show that the common difference of the arithmetic progression is 5.
(ii) Find the sum of the first 20 terms of the arithmetic progression.

Answer

(i) Find expressions for the first three terms of the geometric sequence using the fact
they are the 2nd, 8th and 44th terms of an arithmetic sequence (Lln =a+ (H - l)d).

l1+d, 1+7d, 1+43d

(1]

A geometric series has a common ratio, so the second term divided by the first will be
equal to the third term divided by the second.

1+7d  1+43d
1+d  1+7d

1 mark for each fraction [2]
Rearrange and simplify.

(1+7d)2=(1+43d)(1+d)
1+ 14d+49d?=1+44d+ 434d?
6d2—30d=0

[1]
Factorise and solve.

6d(d—5)=0
d=0and d=5
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(b)

The common difference cannot be O.
d=511]

(i) Substitute a=1 and d=15 into the sum of an arithmetic progression formula

Sn=§(2a+(n—1)d).

5,0= 5 () +(20-1)(5)

(1]

Calculate.

S20 =970 [1]
(7 marks)

(i) Find the 5th term of the geometric progression.
(ii) Explain whether or not the sum to infinity of this geometric progression exists.

Answer

(i) Using d=5, we know the geometric progression starts 6, 36, 216.
=6

Use u = ar?’~! to find the 5th term.
s, =(6)(65)

7776 [1]

(ii)) We can only sum a geometric progression to infinity when the common ratio is less
than 1.

The sum to infinity does not exist for this geometric progression because the common

ratio is greater than 1 (r=6) [1]
(3 marks)
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2(a) Inan arithmetic sequence, the 20" term is 10% of the sum of the first 25 terms.
The sum of the 20t" term and the 215t term is 73.
Find the 8t term.

Answer

Substitute n =20 into the formula u =at (n—1)d

u20=a+(20—1)d

=a+19d

n
Substitute n=25 into the formula S = 3[2& +(n—1)d]

25
S, = 7[2& +(25-1)d]

25
= 7(2a +24d)

Substitute the two expressions above into the 10% relationship from the question,

uy =0.lS25

25
a+19d=0.1x 7(2a+24ar)
[M1]
Make a (or d) the subject
5
a+19d= Z(2a+24d)

5
a+19d= 5(a+ 12d)

2(a+19d)=5(a+ 12d)
2a+38d=5a+60d

~3a2=22d
-y
a=7 7
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[A1]

Find an expression for the sum of the 20t and the 215t term using u =at (n—1)d

(a+19d) + (a+20d)
Set this equal to 73
(a+19d) + (a+20d) =73

[M1]

Simplify the equation above then substitute in a= — Td to find d

2a+39d="73

2(—%d)+ 39d="73

Bd__,
=
d=3

[A1]

Substitute this value of d into a= — ?d to find a

a=—122
[A1]
Substitute a= — 22 and d=3 into u =at (n—1)d where n=28 to find the 8t" term
-22+(8—1)%x3
The 8" termis — 1

[A1]
(6 marks)
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127

(b) In a geometric sequence, the sum to infinity is 64 and the sum of the first 7 terms is ——.

2
Find the ratio of the 41" term to the 7% term, giving your answer in the formm : 1.
Answer
Use the formula Soo = =7 to form an equation in 4 and r (equation 1)
T —64 (1)
1-r
[B1]
a(1—rm) 127
Use the formula SH = T where n=7 and S7 = T to form another equation
in 2 and r (equation 2)
a(l-r7) 127 @
1-r 2
[B1]
Make a the subject of equation 1 and substitute it into equation 2
64(1-n(1-1") 127
1-r 2
64(L~1)(1-17) 127
1~7 )
127
64(1—1")=——
2
[M1]

Solve for r
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[A1]
Use u = ar" ! to form a ratio between the 4" and 7" terms
ar3: ar®
[M1]

1

Cancel the a and r3 from both sides and substitute in r= —

2

Write this in the form m : 1 by multiplying both sides by 8

[Al)
(6 marks)
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