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Medium Questions

16

x \o
1(a) Find the first 3 terms in the expansion of (4 - —) in ascending powers of X. Give each term in its

simplest form.

Answer

Use the Binomial Theorem to expand the polynomial

3 NEESN
( “T6) T (1)4 ( 6) (

(4 —i\. = 4096 —384x+ 15x2 + ...
\ 16 )

4096 — 384 x + 15x2 [3]

1 mark for each correct term

(3 marks)
b find th d d f h f( X \6( 1\|2
(b) Hence find the term independent of x in the expansion o - -
P P ST AY,
Answer
(,_xY
From part (a) we know that k - E} =4096—-384x+ 15x2+... so
(4o X V(=LY (=L}
-\ = (4096 —384x + 15x2 +.. ) -
Uo16) 0 x) x)
Expand the second bracket
( —l\lz— 2-24—
Y
Therefore
( \6( 1)2 ( 1)
4——||x——] =(4096—384x+ 15x2 +.. )x2—2+—
16/ x) 2)
[1]
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Look at the term without (independent of) an x
The term independent of x will come from 2 different places
4096 x —2=—-8192

and

1
15X2X—2= 15
X

(1]
Add these together
—-8192+ 15=—-8177
= 8177 (1)

(3 marks)

6
2 Find the term independent of X in the binomial expansion of (3X - ;) .

Answer

The only term in the expansion that will include no x is the x3 one, since this is where the powers of
Xxcancel each other out.

Find the x> term.

1)

6C3 X (3X)3 X (— ;}

20 (3x)* x (—if
[1]

Simplify.
20X 27x3 x (—%)
-540x3
X3

—-540 [1]
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(2 marks)

3 2\
3 Find the coefficient of X2 in the expansion of (X— ;)(X + ;) .

Answer

(o4 2]
Expand | x+ — |

\ox)

2

2\
= +..
x)

<1><X>5+(501)<X)“(§)1+(SCZ)<X>3(

Simplify.
x>+ 10x3 +40x +...
for two correct terms [ 1]
for 10x3 [1]

for40x [1]

3
When multiplied by (X— — |, the only terms in x2 will be when 40x is multiplied by x and when

\ox)

3
10x3 is multiplied by s

Therefore, the coefficient of x2 is
(1x40)-(3x10)
[1]

10 [1]
(5 marks)
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Hard Questions

1(a) Expand (2 - X)5, simplifying each coefficient.

Answer

Using the formula for the binomial theoremwitha = 2, b = —x,n =5
25 430 24(=x) +5C,23(=x)? +35C22(=x)3 + 5C 21 (=x)* + 5C(-x)°
32 — 80x + 80x2 — 40x3 + 10x* — x5 [3]

2 marks for any four or five terms correct, or 1 mark for any three terms correct

(3 marks)
e(2—x)5X eSOx
(b) Hence solve 7 =e X
ele +32
Answer
Multiplying both sides of the equation by the denominator
2 - 0% % o80x = e—X5(610X4 + 32)
Expanding the brackets and applying the laws of indices
el2 = x)° +80x = o—x° +10x* +32
Taking logs of both sides
(2 - x)5+80x=—x5+ 10x* + 32
[1]
(2 -x)5=—-x5+ 10x* — 80x + 32
Comparing this to the expansion in part (a) gives
32 — 80x + 80x2 — 40x3 + 10x* — x> = —x> + 10x* — 80x + 32
38 —80x + 80x2 — 40x3 + HXF =% = —x% + Hx4 —80x +37
80x2 — 40x3 =0
[1]

Factorising gives
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40x22 - x) =0

Finding the solutions to the equation

X 5
In the expansion of (2](— —\ , where k is a constant, the coefficient of x2 is 160.

\ k)
Find the value of k.

Answer

We can deduce that the term containing x2 is

5 x \?
C2(2k)3(_E)

Simplify this
x2
= 3w —
10X 8k> X 2
= 80kx2
The coefficient of x2 is equal to 160 therefore
80k=160

Divide both sides by 80 to get the final answer

(1]

x=0,x=2[1)
(4 marks)

(1]

(1]

k=21[1)
(3 marks)

(i) Find the first 3 terms in the expansion of (1 + 3X)6 , in ascending powers of x. Simplify the coefficient

of each term.

(i) When the expansion of (1 + 3x)6(a + x)? is written in ascending powers of X, the first three terms

are 4 + 68x + bx?,where a and b are constants. Find the value of a and the value of b.

Answer
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i) Use binomial expansion to obtain the first three terms

(1+3x)0=16+°C x 15X (3x)1 +°C, x 14X (3x)2 + ...

an unsimplified correct substitution or any two correct final terms from the answer below [1]
Simplify
=1+6X3x+15X9x?
1+ 18x+ 135x2 1]
i) The expansion of (a+ x)2 is a2 + 2ax + x2. Multiply the first three terms of (1 +3x)6 found in (i)
by a2+ 2ax + x2, up to terms in x2 (you don't need to multiply terms that will result with x3 or

higher)

(1+18x+135x2+...)(a2 +2ax + x2)
=(a2)(1) + (a2)(18x) + (a2)(135x2) +... +(2ax)(1) + 2ax)(18x) + ... + (x2)(1) + ...

(The line above is really just shown for demonstration purposes. In reality we'd probably go straight
to the line below)

(1+18x+135x2+..)(a2+2ax + x2) = a2 + 18a2x + 135a2x2+ ... +2ax+36ax2+...+x2+ ...
We can equate this to 4 + 68x + bx?2
a’?+18a%x+135a2x2+... +2ax+36ax?+...+x2+... = 4+ 68x+ bx?

The only constant term on the left hand side is "a2" therefore equating the constants gives

(1]
Only one of these can be correct. Examining the terms in X:

a= -2, 18a2x+2ax = 18(-2)2x+2(-2)x = 68x
a=2, 18a’x+2ax = 18(2)2x+2(2)x =76x

But we know that the term in X is 68x therefore a#2 and
a=-—21[1]

Now substitute 2= — 2 into the terms in x2
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135(=2)2x2+ 36(—2)x2 + x2 = bx2
540x2 — 72x%2 + x = bx?
469x2 = bx2

Therefore

b=469 [1]
(5 marks)

4 The first 3 terms in the expansion of (3 - aX)5 , in ascending powers of X, can be written in the form
b— 81x+ cx?. Find the value of each of a, b and c.

Answer

n
Use the binomial theorem (a+ b)" = a” + }a” b+ { |a"~2b*+ ...+ b"

\1 \2)

5) \
(3—ax)5—35+( [34(- ax) +(5 [33(—ax)2 +...

\1) \2)

(3 — ax)5 =243 —405ax +2702%x + ...
1 mark for second and third term [2]
Set the first 3 terms equal to the expression given in the question:
b-81x+ cx2=243 —405ax +270a%x>

Equate coefficients:

b=243
[1]
1
—81=—405as0a=g
[1]
270a2 = 270X(1\|2 = ﬁ
c= a \5) =3

W —

54
, b=243, c=?[1]

(5 marks)
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k8
5(a) Find the first 3 terms in the expansion of (2 + E) in ascending powers of k.

Simplify the coefficient of each term.

Answer

Substitute a=2, b= — and n =28 into the first three terms of the binomial expansion

2

(n (n)

n
(a+b)”=a“+|1}a"‘1b+| |a"=2b2+ ...+ | |a"TITbr+ ...+ b"

2) \T)

(2+§)8=28+(8\|27(

Simplify each term

{2 + = |8 =256+8X 128(£\|+ 28 X 64(£2\I+
\2) \2) \4)
256+ 512k + 448k
[B1 B1]
Mark Scheme and Guidance
B1: For at least two terms correct.
B1: For the fully correct final answer.
(2 marks)

—p2\8
p—p
(b) Hence find the first three terms in ascending powers of p in the expansion of (2 + > ) .

Simplify the coefficient of each term.

Answer

Substitute k=p—p2 into the answer in part (a)
256+ 512(p— p2) + 448(p — p2)2

Expand
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256+512p—512p2 +448(p2 —2p3 + p%)
Ignore any terms in p3 or higher
256+ 512p—512p2 +448p?
Collect like terms

256+ 512p — 64p?

[B1 B1]
Mark Scheme and Guidance
B1: For at least two terms correct.
B1: For the fully correct final answer.
(2 marks)
6
(c) Find the term independent of X in the expansion of | ax? — — where a# (.
X
Give your answer in terms of a.
Answer
n
Substitute a= ax?, b= (——2 | and n =06 into the formula for a general term { \|a”_’b’
x*) \r)
6) 1Y
(© Yare{-2L)
\T) \ x)
[M1]

1)
Rewrite this expression using index laws, noting that (——2/I= (—I)X_2
X

(6 \!36 —rX2(6 —r)(_ l)rX—Zr
\r)

Collect the terms in X using index laws
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(6 \Iaé —r(_ l)rX2(6 -0-2r
r)

The term 'independent of x' is the term without an x, i.e. x°=1

Set the power of X equal to zero and solve

2(6-1)—2r=0
12-2r—-2r=0
12=4r
r=3
[A1]
Substitute =3 back into the general term
= (6\|a6—3(_1)3xz(6—3)—2><3
\3)
6
[ Jescrexo
\3)
6
= —( \|a3
\3)
Work out (3 | e.g. on your calculator
6
(©)=20
\3)
Substitute this back into the term to get the final answer
-20a3
[A1]
(3 marks)

MAZED SIR 01313865370 11


https://www.savemyexams.com/?utm_source=pdf

Very Hard Questions

5
X
1 The first 3 terms in the expansion of (a + X)3 (1 - ?) , in ascending powers of X, can be written in the

form 27+ bx + cx? , where a, b and ¢ are integers. Find the values of a, b and c.

Answer

Expand both the brackets up to their X2 terms using the Binomial Expansion. This will lead us to form
27 + bx + cx2.

(a+ )= (1)@ + (€, )(@20) + () (@)(x)2+ .

[1]
x\ x) x \2
[ 54.(5 4| = 5 3
(1 3}I (D@3 +(>c)) ( 3}|+( C,)1) ( 3/I + ...
X x?2
=1+(5)(——\+(10)(—\+
\ 3) \9)
=1 z +£ 2 4+
= 3 X 9 X
(2]
Multiply together.
5 10
(a3+3azx+3axz+...)(l—§x+ 7x2+...\.
Find the constant term and equate to 27.
a’=27
a=31[1]
Substitute a= 23 into the expression.
5 10
=((3)3+(3)(3)2x+(3)(3)x2 + ...)(1 -—x+—x2+ \
vo3 9 )
5 10
=(27+27x+9x2+...)(1—§x+ ?x2+...)
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Find the coefficient of X and equate to b.

5
b=27- §(27)
(1]
b=-1811]
Find the coefficient of x2 and equate to c.
c= 9+(27)( )+(27 ( )
[1]
c=-—611]
(8 marks)

The first three terms in the expansion of (a+ bx)5 (1 + x) are 32 —208x + cx?2 . Find the value of each
of the integers a, b and c.

Answer

Using the formula for the binomial expansion, finding the first three terms gives
5 5
(aS + {1 \I a*bx + (2\|a3 (bX)z\I(l + x)
\ \1)/ \<) )

(1]
Simplifying gives
(a° + 5a*bx + 10a° b2x2)(1 + x)
(1]
Expanding the brackets
a + 5a*bx +10a3b%x2 + a’x + 5a*bx? + 10a3b%%3
multiplying out brackets [1]
all terms correct [1]
Comparing to 32 — 208x + cx?2 by comparing the constants we have

a’ =32
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=2 [1]

Equating the coefficients of x we have

5a*b + a5 = —208

Substituting in a = 2

80b + 32 = —208
80b = —240
b= -311]
Equating the coefficients of X2 we have
102362 + 5a%b = ¢
Substituting in @a = 2 and b = — 3 we have
720 — 240 = ¢
= 480 [1]
(7 marks)
X
3 Given that the coefficient of X2 in the expansion of (1 + X)( 3) is —, find the value of the positive
integer n.
Answer
(-2
Expand \ - 3) using the binomial expansion up to the x2 term.
\ 2
(1) + ( Jors(=3)+ (23 +
1) 2) \2)
| | 2
P R, .2 DAY L ()
\(a-D A 2) \@=-2)121 )\ 2)
\ 1)\ x2)
1 + (n) S (M I(X—I+...
\2) U 2 N4

Multiplied by (1 + x), this is:
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x) n(n—1)
(1+X)(1 + (n)(—E/I . (T

for the correct x term [1]

for the correct x% term [1]

When expanded, the x2 terms will be

n(n— 1)\
()

Simplify.

(n(ng— 1 ) x% and (— E) x2
Sum the coefficients of x? and equate to 27;5
nln—1 n 25
()3
[1]
Expand the brackets.
8 2 4
Multiply through by 8.
n?—n—-4n=50
Rearrange and solve.
n*=5n-50=0
(n=10)(n+5)=0
n=10and n= -5
We are told in the question that the value of n is positive. Therefore:
n=10[1]
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(5 marks)

X n
4 Inthe expansion of (l + 3) the coefficient of x4 is half the coefficient of x°.

Find the value of the positive constant n.

Answer

Find an expression for the coefficient of the x*# term of the expansion.

n!

(1Y
aa—ay <) 4X(5/'

This can be written as

n(n—1)(n=2)(n-3)x(n—4)! (1\4
41x (n—4)!

2)

Simplify.

n(n—1)(n-2)(n-3) X(l\l“
)

I X2X3x4 \2
[1]
Similarly, find an expression for the x® coefficient of the term of the expansion.
nln=-1)(n-2)(n-3)(n-4)(n-5) " (l\f
I X2X3X4X5X6 \2)
[1]
We are told that the coefficient of x# is half the coefficient of x°, therefore:
n(n=1)(n-2)(n-13) 1 y (11(11 -D)(n-2)(n=-3)(n-4)(n-5) \
24% 16 ) 720 X 64 )
[1]
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Simplify.

2x720x64  n(n=1)(n-2)(n-3)(n-4)(n-5)
24x16 n(n—1)(n—2)(n-3)
2 (0= 9)a-5)

240=(n-4)(n-5)

[1]
Expand the brackets, rearrange and solve.
n?-9n+20=240
n?-9n-220=0
(n=20)(n+11)=0
[1]
n=20orn=-—11
The question asks for the positive value.
n=20[1]
(6 marks)
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